Expansions based on Johns, Ellis and Lattimer
O f [General ::"spell"]; Of [General::"spelll"7;
= Non-degenerate and non-relativstic:
pcoeff =t2 (-1)" Exp[n (¥ +1/t)]/n?

(_1)l+n en (%*‘U/) t2

n2
bessel series = Sinplify[Nornal [Series[Bessel K[2, x], {X, o, 6}]]]

13/2
1 /

— €
4194304 2 (x
(4729725 - 2162160 x + 1330560 x? - 1290240 X3 + 3440640 x* + 7864320 x° + 4194 304 x°)

1 7T (
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pNDNR = Si npl i fy [pcoef f (bessel series /. x->n/t)]
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S E LT [_) (4194304 n° + 78643205t +
4194304 nb 2 n

3440640n*t2-1290240n%t%+1330560n2t%-2162160nt?° +4729725t6)

Separate out the first term to make the expansion more clear:

firstterm= (Sinplify[pNDNR/t%/2, t >0] /. t »0)t>?

5/2
i z t5/2
\ 2

n

S(-D)"en

pNDNRsi mp = Expand [Sinplify[{firstterm pNDNR/firstterm}, n>0]]

yMenv [T ot2 | L
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- , + + + +
{ n2 8n 128n%2 1024n3 32768n* 262144n5 4194304n® }

Calculate the number and energy densities:

oNDNR = D[pNDNR, ¥] /t

1 T t 5/2
-1)"en [—) (4194304 n® + 7864320 n5 t +

- (-1
4194304 n5t 2 \n
3440640n*t2-1290240n%t3+1330560n?t*-2162160nt°+4729725t°)

ft2= (Sinplify[oNDNR/t32, t >0] /. t »0)t3%
oNDNRsi nmp = Expand[Si nmpl i fy[{ft2, oNDNR/ft2}, t >0]]

- + - +
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eNDNR = Si npl i fy [t D[pNDNR, t ] - pNDNR + oNDNR]

1
8388608 n’

T t 3/2
(-1)" eV /E [_) (8388608 n7 + 28311552 n°t + 46202880 n5t2 + 21504000 n*t3 - 8951040 n® t* +
n

10311840n%t5 - 18648630 nt° + 70945875t 7)

ft3 = (Sinplify[eNDNR/t3/2, t >0] /. t »0) %2
eNDNRsi nmp = Expand[Sinpl i fy[{ft3, eNDNR/ft3}, t >0]]

(-n"en 2t |
_ - ,

27t 705t2 2625t% 34965t* 322245t5 9324315t% 70945875t7

+ - +

{

+ —
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8n 128n%2 1024n% 32768n* 262144n%> 4194304n% 8388608n’ }
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= Non-degenerate and extremely relativistic:

pcoeff =t2 (-1)™ Exp[n ¥] /n?
(-1t envy2
n2

bs = Seri es[Bessel K[2, x] Exp[x], {X, 0, 3}]

2 2 1 x 7 Eul erGamma Log[2] Log [x] )
—_—+t —+ — - — -— = + - X +
x2 x 2 6 96 8 8 8
13 Eul erGamma  Log[2] Log[x] 4
[m, + - x3 + O[x]
480 8 8 8

Separate the individual terms:
bs2 = {Nornal [Seri es[Bessel K[2, x] Exp[x], {xX, 0, 1}11,
Seri esCoefficient[bs, 2], SeriesCoefficient[bs, 3]}
{1 2 2 x 7 Eul erGamma  Log[2] Log[x] 13 Eul erGamma  Log[2] Log[x] }
—+ — 4+ — = =, —— - + - , —— - + -
2 x2 x 6 96 8 8 8 480 8 8 8

pPNDER = Si npl i fy [pcoeff (bs2 /. x»>n/t)]

(-1)"e"t (n®-3n2t -12nt2-12t3) (-1)"e"¥t2 (7 + 12 Eul er Ganma - 12 Log [2] + 12 Log[?])

{ 6 n* ' 96 n?

(-1)" e"¥t2 (-13 + 60 Eul er Ganma - 60 Log [2] +60Log[H)

480 n2

coefx = -2t* Exp[ny] (-1)" /n*

2 (-1)"envt4

n4
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pNDERsi np = Expand[ {coef x, pNDER/ coef x}]
{ 2 (-1)"envt4 n3 n2
- +

n4 { 1213 4t2

n
+ =,
t

7n2  EulerGamman? n2Llog[2] N°Lo9[{] 13n2 EulerGaman? n2Llog[2] N°Log|[f]

_ _ N _ i _ + _
1921t2 16t2 162 1612 960t 2 1612 161t2 16t2 }}

Compute the number and energy densities:
PoNDER = D[pNDER, ¥] /t

{(—1)ne”w (n-3n2t -12nt?-12t3) (-1)" et (7 +12Eul er Ganma - 12 Log[2] + 12 Log[tﬂ])

6 n3 96 n
(-1)"e"¥t (-13 + 60 Eul er Ganma - 60 Log[2] + 60 Log[H)

480n

coefx2=-2t3Expny] (-1)" /n?
2 (-1)"envt3

S

oNDERsi np = {coef x2, Expand[oNDER/ coef x2]}

2 (-1)"envt3 n3 n2

n
{— ,{1— + + -,
nd 12t% 4t2 t
7n2  EulerGamman? n2Log[2] n?Log[f] 13n2  Eul er Garman? n2 Log[2] ”2L09{H}}
_ _ . _ ' _ . _
19212 1612 1612 1612 96012 1612 16172 1612

eNDER = Si npl i fy [t D[pNDER, t ] - pNDER + pNDER]

(-1)" e (n*-3n%t -15n2t2-36nt3-36t4) 1
{ , (-1)" et
6 n4 96 n?

n
(t (-5 +12 Eul er Gamma - 12 Log[2]) +n (7 + 12 Eul er Garma - 12 Log[2]) + 12 (n+t) Log{vU,
t

1
480 n2

(-1 et (t (-73 + 60 Eul er Ganma - 60 Log[2]) +

n
n (-13 + 60 Eul er Ganma - 60 Log[2]) + 60 (n+t) Log[t_])}
coefx3=-6t3Exp[ny] (-1)" /n?
6 (-1)"en¥t3

n3
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eNDERsi np = {coef x3, Expand[eNDER/ coefx3]}

6 (-1)"evt3 n3 n2 5n t
[ TSN LI
n3 36t3 12t2 12t n
2 2 2 n?Log[+]| nLog|:]
7n Eul er Gamma n 5n Eul erGamman  n2?Log[2] nlog[2] 91t 9%
- - + - + + - -
57612 4812 576t 481 4812 481 4812 481t

13 n2 Eul er Ganma n2 73n Eul erGamman  n2log[2] nlog[2] ”ZLOQ[H “LOQ[H
+
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m The extremely degenerate case:

The pressure from JEL:

p=1/3Integrate[f[l11%/Sart[I?2+1]/(1+Exp[(Sart[I?+1]-1)/t -y]), {I, 0, ®}]; p/. fLI1~1

1 | 4
- J al
3 Jo 102

lie u/]\/1+|2

Changevariablesto| = \ (z+ 1)? -1 and ¥ t=x, and re-examine theintegrand:
didz =D[Sart [ (z +1)2 -1], z]

1+2z
—l+(l+Z)2

frl]d =f[z] (dl /dz) dz
dl (1] =dl f[z]

degi and = Sinplify][

1“didz/3/Sart [12+1] / (L+Exp[(Sart [12+1] -1) /t -w]) 7. | > Sart [(z+1)?-1] /. ¥>x/t,
{z >0}]

et (z (2+2))%?

X

3

et +e

Note that the limits are the same.

Separate out the Fermi function:

X z

newf =degi and/Exp[x /t] (e‘_ +e‘_)

(z (2+2))°7

wW| P

Simplify[degiand -newf / (1 +Exp[z/t -x/1t])]
0

Now we can use the Sommerfeld expansion from Landau and Lifshitz, whichisvalid when u /T(=x/t) islarge.
Note that thisis an asymptotic expansion, so we have to be careful about including too many terms.
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eq=Integrate[f[e]/ (1 +Exp[(e-u)/T]), {e, 0, ©}] ==Expand[Integrate[f [e], {e, O, u}] +
Integrate[TNornal [Series[(f [u+Tz]-f[u-Tz1), {z, 0, 5}11/ (Exp[z] +1), {z, O, ©}]11]

= f e H 7
J <) dle::Jf[e]dle+—H2T2f’[u]+
0 - 0 360

1 3178 T8 5) [
lret 6

15120

AT ) (] +

We add coefficientsa land @ 20 see how the Sommerfeld expansion contributes
(we'll set them to one later)

ped =Sinplify[Integrate[newf, {z, 0, x}] +aln*t?/6 (D[newf, z] /. z»Xx) +
7a2 7" t* /360 (D[D[D[newf, z], z], z] /. Z»X), x>0] /. x>yt

1

360 (t ¥ (2 +1 y))¥?

(L+t ) (—77T4t40(2+287T4t5012w+2t2 (—90+1207T2t20(l+7ﬁ4t4012> W2 +60t3 (l+4JT2tZO(1> e+

15t4 (21 + 472t % o) 4* + 18015 y® + 30t y) +

o

90(2\/t3w3 2+t y) +q[t5y8 (2+tz//))ArcSinh[ ]

V2

m The extremely degenerate and non-relativistic case:
pEDNR = Expand [Si npl i fy[Nor nal [Series[ped, {t, 0, 5}11, {¢>0}11]
7 74t5/2 92 77417/2 52 mt3/2 a1~y 49 4192 02 [
+ +

- + +
7202 w32 1922 Ju 3vV2 1536 V2

5 72 17/2 al d/3/2

7 7219/2 al Z1215/2 t9/2 Zﬂ9/2

362

+i«/2 t5/2 w5/2+

+£\/?t7/2 11/7/2+
12+/2 15 96 /2 7

coefy =4 Sqrt [2] ¢*/?t%2 /15

4

o \/?tS/Z w5/2

15

pEDNRsi np = {coefy, Expand[pEDNR/ coefy]}
4

{_ 2 52 W2,
15

7rto2 35n*t a2 5n%al 2457%t202 257t ol 15t ¢ 5t2y?
- + + + + + + }

384 y4 512y 8 y? 4096 y? 32y 28 96

35
1+ — t2al

There appearsto be atypo in the reference?

Compute the number and energy densities:
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PEDNR = Expand [D[pEDNR, ] /t ]

74132 92 74152 2 2 t3/2 a1 49 T4t 772 o2
- +

+ +
480~/2 y5/2  384+/2 y32 6\/?\/? 3072\/_27W

5m2t%20l+/y 2 3572t 7/2 o1 y3/2  t5/2 Y52 72 T2
——-—+v\/?t3/2w3/2+ + +

82 3 1922 V2 g8v2
coefy2=2Sqrt [2] /3t3/2 y3/2

34/2 £3/2 y3/2
3

PEDNRsi nmp = {coefy2, Expand[pEDNR/ coefy2]}

2 35 7Trto2 7%t o2 ol 497%t2a2 157%t ol 3ty 3t2y?
{—ﬁt3/2w3/2,1+—ﬂ2t2a1+ + + + + + }

640 y* 5124  8y2 4096 42 32y 4 32

€EDNR = Expand [Si npl i fy [t D[pEDNR t ] - pEDNR + pEDNR] ]

7rt3202 217415202 2t32q1  32974t7202 97mPt¥Zalnly  3437%t%202.[y
+ + +

- + +
4802 y*2 6402 32 62 \[y 30722 A[u 82 30722

2 235 7T2 t 7/2 al w3/2 ot 5/2 w5/2 49 7T2 t 9/2 al Z11[5/2 47 t 7/2 11/7/2 7t 9/2 11/9/2

Z 2 32 W32 + + + +

3 1922 52 192/2 56 V2 722
eEDNRsi np = {coefy2, Expand[eEDNR/ coefy2]}

2 235 7r*02 637%t a2 ol
{—\/'2't3/2w3/2,1+—7r2t2a1+ - . .

3 256 640 y* 2560 3 8 y?

329 t202 2772t al 3437%t302 27ty 49 141t2 92 7t3y8
+ + + + mt3oly+ + }
4096 y? 32y 4096 20 256 224 96

m The extremely degenerate and extremely relativistic case:
p2 = Expand[Si npl i fy[Nor nal [Series[ped, {t, o, -1}]1], ¥ >0]]

7 ty 1 t2y? 1 t3ys  t4yt
— t%2al s — 7t a2 - — + — 2 t3al y+ +—Ptrol Yt s —— +
180 6 3 6 12

p2bi g = Seri es[ped, {t, o, 2}1;

pEDER = Si npl i fy[{Nornal [Seri es[ped, {t, o, -1}]1], SeriesCoefficient[p2big, 0],
Seri esCoefficient [p2big, 1], SeriesCoefficient[p2big, 21}, ¢ >0]

1
[t (77412024152t ol (144t y+2t292) 15y (-2+31 41242+ 13 )7,

180

1 7702 1072al 1

—_|-35- - —60Log[w]+60Log[2wJ ,
480 m 02 t

7Tmo2+5maly?+15y4 7 (77r“012+3712al<1/2+3</f“)\JL
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coefz =y*t*/12
t4w4

12
pEDERsi np = {coef z, Expand[pEDER/ coefz]}

t4 oyt 1 2ol 7% a2 2 472 ol 3 272 ol 4
b

+ +

, + - + +
{ 12 { tzd/4 15w4 t3w3 th t2w2 wZ

v
1
702 2ol 7 8Log[r] 3Llog(2y]
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Compute the number and energy densities:
pEDER = Expand [D[pEDER, ] /t]
1 1 ty 1 t3y8
{——+—7r2tzot1+—+—7r2t3o<121/+t221/2+—,
6 3 2 3 3
7 7% a2 72 al 1 774 a2 2 al 1 49 74 02 7 r%al 7
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coefz2=t3y*/3
tSwS
3

pEDERsi np = {coef z2, Expand[pEDER/ coefz2]}

t3ys3 1 72 ol 3 2ol 3
{ ,{l— + + + +—

3 2393ty 2ty g2ty
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40t4y® 8t4ydb 8t4yh 8t4y® 8t4y’ 8t4ys 16t*yl0 8t4yS 16t4yS
eEDER = Expand [Si npl i fy [t D[pEDER t ] - pEDER + pEDER] ]

1 5 7 ty 512 y? t4
{—A+An2t2a1+“n4t4a2+--+7r2t3a1d/+ - traly? +t3 Yt o s
6 12 60 2 2

19 774 a2 7 74 a2 2 ol 72 ol 1 1 1 1
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7
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7

_24tw6
coefz3=y*t* /4

t4¢’4
4

- - - —, + + + + +
1204° 8t y* 2443 8t y2 8y 48t y’ 288 yb 24t S 96 y* 48t yB 96&2}
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{coef z3, Expand[eEDER/ coefz3]}

t4 oyt 2 57201 7751%a2 2 4 72 ol 5 272 al 4
{ , {1— + + + + + + o
4 3t4w4 3t2w4 1521/4 t3w3 th tZZ,Z/Z wZ td/
1
7002 Trta2 2ol ol 1 19 Log[:] Log[2y]
+ + + + + + -
30t5y° 120t4yB 6tSy’  12t4yb  2tSyS  24t4yt 2t4yt 2t4yt
7 7% a2 774 a2 72 ol 72 ol 1 1
615410 30t4y° 2t5y8 Bt4yT 215 yb 2t4z,!/5’
49 7 o2 497402 T7r2al 7r%al 7 7

+ + +

+ +
125yt 7214410 6t5y°  24t4y8 12t y7 24t4w6}}

Massless pair formulas

m The expression for the chemical potential 'nu’ in terms of n, g, T:

sqt =Sqrt [729n® +3 g% 7° T°]

72907 1392 22 TO
cbt = (-27n+sqt)*’®

1/3

[727n+\/729n2+3gzﬁ2T6)

nu=(gx*/3)" 12 /bt - (2 /9 /g)"" cbt

1/3

91/3 74/3 T2

1 7T\ 2/3
7[7] (7) {727n+\/729n2+392n2T6
1/3 g 3

31/ (727n +\[729n2 +3 g2 22 TO )

m Rephrase cbt in terms of a convenient variable « :

cbt2=3n'3 (-1+Sqrt [Sinplify[(729n2+3g2x2T) /729 /n2]])""

1/3
92 7T2 T6
[T

243 n?

3nt3 -1+

1/3

cbt3=3n3 (—1+ Vl+a)

)1/3

3nl/3 (—1+\/1+ot

a0 = g »* T® /243 /n?
gz 72 T6

243 n?



m Rewrite 'nu’ completely in terms of @
1/3
cm4=(-1+V1+a) /&“6
1/3
(—l +V1+a )

1/6

a

nu2 =xT/Sqrt [3] (1/cbt4-cbt4)

[71+\/T+:)

T

1/3 al/

V3

Demonstrate that these are the same:

{N[nu/.g->1/.n-2/. T->3], N[nu2 /.
{1.30813, 1.30813)

{N[nu/. g-»3/.n-1/. T->2], N[nu2 /.
{0. 496892, 0.496892}

{N[nu/. g->2/.n-3/. T>1], N[nu2 /.
(3.73228, 3.73228)}

{N[hu/. g-»1/. n->3/. T>2], N[nhu2/.
(3. 45517, 3.45517)

{N[hu/. g-»3/.n>2/. T>1], N[nhu2 /.
(2.47111, 2. 47111}

{N[hu/. g-»2/.n->1/. T>3], N[nhu2/.
{0. 332918, 0.332918}

m Some series expansions:

Series[nu2Sqrt [3]1/xn/T, {a, 0, 3}]

21/3

a-»a0/. g->1/.

a-»a0 /. g-»3/.

a-»a0/. g-2/.

a-»a0/. g-1/.

a-»a0 /. g-3/.

a-»a0/.9g->2/.

0(1/6 0(5/6 O(7/G all/ﬁ 5 a13/6 77 0(17/6

al/6 21/3 * 6 22/3 i 12 21/3 18 22/3 144 21/3 N 2592 22/3

Series[nu2Sqrt [3]1/x/T, {a, o, 3}]

3/2 32 5/2 1 7/2

¥
729

« g
3 81

1

a

1

a

n-2/. T->3]}

n-1/. T>2]}

n-3/. T->1]}

n-3/. T>2]}

n-2/.T->1]}

n-1/. T->3]}

4 O[odlg/ﬁ
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