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Abstract

We construct new equations of state for baryons at sub-nuclear densities for
the use in core-collapse supernova simulations. The abundance of various
nuclei is obtained together with thermodynamic quantities. The formulation
is an extension of the previous model, in which we adopted the relativistic
mean field theory with the TM1 parameter set for nucleons, the quantum
approach for d, t, h and α as well as the liquid drop model for the other nuclei
under the nuclear statistical equilibrium. We reformulate the model of the
light nuclei other than d, t, h and α based on the quasi-particle description.
Furthermore, we modify the model so that the temperature dependences of
surface and shell energies of heavy nuclei could be taken into account. The
pasta phases for heavy nuclei and the Pauli- and self-energy shifts for d, t, h
and α are taken into account in the same way as in the previous model. We
find that nuclear composition is considerably affected by the modifications
in this work, whereas thermodynamical quantities are not changed much.
In particular, the washout of shell effect has a great impact on the mass
distribution above T ∼ 1 MeV. This improvement may have an important
effect on the rates of electron captures and coherent neutrino scatterings on
nuclei in supernova cores.
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1. Introduction

Hot and dense matter can be realized in core collapse supernovae, which
occur at the end of the evolution of massive stars and lead to the formations
of a neutron star or a black hole, the emissions of neutrinos and gravitational
waves and the synthesis of heavy elements. The mechanism of this event is
not clearly understood yet because of their intricacies (see e.g. Janka (2012);
Kotake et al. (2012); Burrows (2013)). One of the underlying problems in
these events is the equations of state (EOS’s) of hot and dense matter both
at sub- and supra-nuclear densities. EOS provides information on composi-
tions of nuclear matter in addition to thermodynamical quantities such as
pressure, entropy and sound velocity. The compositions play important roles
to determine the evolution of the lepton fraction through weak interactions.
This lepton fraction is one of the most critical ingredients for the dynamics
of core collapse supernovae (Hix et al., 2003; Lentz et al., 2012).

The EOS for the simulations of core collapse supernovae must cover a
wide range of density (105 . ρB . 1015g/cm3) and temperature (0.1 . T .

102 MeV), including both neutron-rich and proton-rich regimes. One of the
difficulties in constructing the EOS is originated from the fact that depending
on the density, temperature and proton fraction, the matter consists of either
dilute free nucleons or a mixture of nuclei and free nucleons or strongly inter-
acting dense nucleons. Furthermore, there are uncertainties not only in the
description of homogeneous matter but also of the in-medium effect for nu-
clei at finite densities and temperatures (Aymard et al., 2014; Agrawal et al.,
2014). The fact makes the variation of supernova EOS’s (Steiner et al., 2013;
Buyukcizmeci et al., 2013). At high temperatures (T & 0.4 MeV), chemical
equilibrium is achieved for all strong and electromagnetic reactions, which
is referred to as nuclear statistical equilibrium and the nuclear composition
is determined as a function of density, temperature, and proton fraction
(Timmes and Arnett, 1999; Blinnikov et al., 2011). In this paper, we are
concerned with the high temperature regime, in which the nuclear composi-
tion can be treated as a part of EOS.

There are two types of EOSs for supernova simulations. The single nu-
cleus approximation (SNA) is the one option, in which the ensemble of heavy
nuclei is represented by a single nucleus. The other option is multi-nucleus
EOS, in which thermal ensemble of various nuclei is solved for each set up
of thermodynamical condition. Two standard EOS’s in wide use for the
simulations of core-collapse supernovae are categorized to the former group;
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Lattimer and Swesty (1991) and Shen et al. (1998a,b); Shen et al. (2011) cal-
culated the representative heavy nuclei by using the compressible liquid drop
model and Thomas Fermi model, respectively. In such calculations, in-
medium effects on a single nucleus, such as compression and deformation,
are taken into account more easily in comparison with the multi-nucleus
EOS. On the other hand, they can never provide a nuclear composition,
which is indispensable to estimate weak interaction rates in supernova sim-
ulations. Furthermore, even the average mass number and total mass frac-
tion of heavy nuclei may not be correctly reproduced by the representa-
tive nucleus due to the SNA approximation (Burrows and Lattimer, 1984;
Hempel and Schaffner-Bielich, 2010; Furusawa et al., 2011).

In this decade, some multi-nucleus EOS’s have been formulated by dif-
ferent research groups. SMSM EOS (Botvina and Mishustin, 2004, 2010;
Buyukcizmeci et al., 2014) is a generalization of the statistical model of
multi-fragmentation reactions induced by heavy-ion collisions (Bondorf et al.,
1995). In this model, temperature dependences of bulk and surface energies
are taken into account based on the liquid drop model (LDM) although
they ignored the shell effects of nuclei, which are important for reproducing
the abundance of nuclei at low temperatures. Hempel and Schaffner-Bielich
(2010) also construct EOS’s (HS EOS) based on the relativistic mean field
theory (RMF) with different parameters for nuclear interactions. In this
model, nuclear binding energies as well as shell effects are evaluated from
experimental and theoretical mass data in vacuum. They ignored, on the
other hand, high-density and -temperature effects on nuclear bulk, surface
and shell energies, which are explained later. The EOS provided by G. Shen
et al. (Shen et al., 2011) is a hybrid model, where a multi-nucleus EOS
based on the Virial expansion with multi-nucleus at low densities is switched
to a single-nucleus EOS via Hartree approximation at high densities, i.e., the
multi-nucleus description is employed only in the low density regime and, as
a result, some quantities are discontinuous or non-smooth at the transition
between the two descriptions.

We constructed in the previous papers (Furusawa et al., 2011, 2013) an
EOS based on the mass formula for nuclei under the influence of surrounding
nucleons and electrons. The mass formula extended from the LDM to de-
scribe nuclear shell effects as well as various in-medium effects, in particular,
the formation of the pasta phases (Watanabe et al., 2005; Newton and Stone,
2009; Okamoto et al., 2012). The binding energies of d (deuteron), t (triton),
h (He3) and α (He4) are estimated with a quantum approach to light clusters
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(Typel et al., 2010; Röpke, 2009). Other light nuclei (Z ≤ 5) are described
with another mass formula based on the LDM, which is different from the one
for heavy nuclei. The details of the model and comparisons with H. Shen’s
EOS and HS EOS are given in Furusawa et al. (2011). In Buyukcizmeci et al.
(2013), three multi-nucleus EOS’s (SMSM, HS and ours) were compared in
detail. The extension of shell effects and the implementation of the tempera-
ture dependence in bulk energies for heavy nuclei and the introduction of the
quantum approach to d, t, h and α were reported in Furusawa et al. (2013).

The purpose of this study is to further improve the previous model, in
which temperature dependences of binding energies are lacked in part, and
to discuss their impact on EOS systematically. Most significant change is
the introduction of the washout of shell effects at high temperatures. It
is pointed out by experimental and theoretical studies that nuclear shell
effects disappear completely at T ∼ 2.0 - 3.0 MeV (Brack and Quentin, 1974;
Bohr and Mottelson, 1998; Sandulescu et al., 1997; Nishimura and Takano,
2014). All supernova EOS’s with multi-nucleus, however, have not considered
this effect. In SMSM EOS, shell effects are ignored from the beginning and
completely washed out even at zero temperature. Other multi-nucleus EOS’s
including our previous model assume full shell effects at any temperature.
The shell effects are known to affect the nuclear abundance and electron
capture rates of heavy nuclei to a great extent (Buyukcizmeci et al., 2013;
Raduta et al., 2016). Other improvements are the introduction of the surface
tension in its temperature dependence and the reformulation of model for
light nuclei other than d, t, h and α. In the following, we report on these
new ingredients and discuss the differences from the previous version.

This article is organized as follows. In section 2, we describe our new
model with a focus on the development from the previous EOS. Note that
the basic formulation of the model free energy and its minimization are un-
changed from the previous version. The results are shown in section 3, with
an emphasis on the impact of the temperature dependence in binding en-
ergies. The paper is wrapped up with a summary and some discussions in
section 4. In appendix, the data table of this EOS is explained for use in
supernova simulations.

2. Formulation of the model

To obtain the EOS with multi-nucleus, we construct a model free energy
to be minimized with respect to the parameters included. The supernova
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matter consists of nucleons and nuclei together with electrons, photons and
neutrinos. Electrons and photons are not treated in this paper, since their
inclusion as ideal Fermi and Bose gases, respectively, is trivial. Note that
the Coulomb energies between protons, both inside and outside nuclei, and
electrons are contained in the EOS. We assume the electrons are uniformly
distributed. Neutrinos are not always in thermal or chemical equilibrium
with matter. We do not include them in the free energies.

The free energy of our model is constructed as a sum of the contributions
from free nucleons not bound in nuclei, light nuclei defined here as those
nuclei with the proton number Z ≤ 5, and the rest of heavy nuclei with the
proton and neutron numbers, Z ≤ 1000 and N ≤ 1000. We assume that
the free nucleons outside nuclei interact with themselves only in the volume
that is not occupied by other nuclei; light nuclei are the quasi particles whose
masses are modified by the surrounding free nucleons; heavy nuclei are also
affected by the free nucleons and electrons, depending on the temperature
and density. The free energy of free nucleons is calculated by the RMF
theory with the excluded volume effect being taken into account. The model
free energy of heavy nuclei is based on the liquid drop mass formula taking
the following issues into account: the nuclear masses at low densities and
temperatures should be equal to those of isolated nuclei in vacuum; one
should take into account the effect that the nuclear bulk, shell, Coulomb
and surface energies are affected by the free nucleons and electrons at high
densities and temperatures; furthermore the pasta phases near the saturation
densities should be also accounted for to ensure a continuous transition to
uniform matter. The free energy of light nuclei is approximately calculated
by quantum many body theory.

In the following subsections, we explain the details of the free energy
density,

f = fp,n +
∑

j

njFj +
∑

i

niFi, (1)

Fj/i = Et
j/i +Mj/i, (2)

where fp,n is the free energy densities of free nucleons, nj/i, Fj/i, E
t
j/i and

Mj/i are the number density, free energy, translational energy and rest mass
of individual nucleus and indices j and i specify light and heavy nuclei,
respectively. The modifications from our previous EOS (Furusawa et al.,
2013) are temperature dependences of shell and surface energies and the
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model of the light nuclei (Zj ≤ 5) other than d, t, h and α such as 7Li. The
other parts in free energies and the minimization of the total free energy
densities are just the same as in the previous paper (Furusawa et al., 2013).

2.1. minimization of free energy

The thermodynamical quantities and abundances of nuclei as a function
of ρB, T and Yp are obtained by minimizing the model free energy with
respect to the number densities of nuclei and nucleons under the constraints,

np + nn +
∑

j

Ajnj +
∑

i

Aini = nB = ρB/mu,

np +
∑

j

Zjnj +
∑

i

Zini = ne = YpnB, (3)

where nB and ne are number densities of baryon and electrons, Aj/i and
Zj/i are the mass and proton numbers of nucleus j/i and mu is the atomic
mass unit. The minimization of our free energy density is not the same as
that in the ordinary NSE, in which the number densities of all nuclei as well
as nucleons are expressed by two variable, i.e., the chemical potentials of
nucleons µp and µn and one has only to solve the constraints, Eq. (3) for the
two variables, through Saha equations. In our case, on the other hand, the
free energy density of nuclei depends on the local number densities of proton
and neutron n′

p/n to evaluate in-medium effects accurately and µp and µn are
expressed as follows:

µp/n =
∂f

∂np/n

= µ′

p/n(n
′

p, n
′

n) +
∑

i/j

ni/j

∂Fi/j(n
′

p, n
′

n)

∂np/n

, (4)

where µ′

p/n is the chemical potentials of nucleons in the vapor (see section 2.2)
and the second term is originated from the dependence of the free energies
of nuclei on the nucleon densities in the vapor (see sections 2.3 and 2.4) and
hence is summed over all nuclear species. Thus the number densities of nuclei
are not determined by µp and µn alone but they also depend on n′

p and n′

n.
We hence solve the equations relating µp/n and n′

p/n, Eq. (4), as well as the

two constraint equations, Eq. (3), to determine the four variables: µp, µn, n
′

p

and n′

n.
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2.2. free energy for nucleons outside nuclei

The free energy density of free nucleons is calculated by the RMF theory
with the TM1 parameter set, which is determined so that it should reproduce
the properties of heavy nuclei in the wide mass range including neutron
rich nuclei, and is the same as that adopted in Shen et al. (2011). We take
into account the excluded-volume effect: free nucleons can not move in the
volume occupied by other nuclei, VN . Then the local number densities of
free protons and neutrons are defined as n′

p/n = (Np/n)/(V − VN) with the
total volume, V , and the numbers of free protons, Np, and free neutrons,
Nn. Then the free energy densities of free nucleons are defined as fp,n =
(V − VN)/V × fRMF (n′

p, n
′

n, T ), where fRMF (n′

p, n
′

n, T ) is the free energy
density in the unoccupied volume for nucleons, V − VN , obtained from the
RMF theory at n′

p, n
′

n and temperature T .

2.3. masses of heavy nuclei (Z ≥ 6)

The nuclear mass is assumed to be the sum of bulk, Coulomb, surface
and shell energies: Mi = EB

i +EC
i +ESu

i +ESh
i . The formulation of bulk and

Coulomb energies is just identical to the previous one. In the new model, we
take into account the temperature dependences of shell and surface energies.

We define the saturation densities of nuclei nsi(T ) as the baryon num-
ber density, at which the free energy per baryon FRMF (T, nB, Yp) given
by the RMF with Yp = Zi/Ai takes its minimum value. Thus nsi(T ) de-
pends on the temperature T and the proton fraction in each nucleus Zi/Ai.
At temperatures larger than a critical temperature Tci, the free energy,
FRMF (T, nB, Zi/Ai), has no minimum because of the entropy contribution.
Then the saturation density nsi(T ) above Tci is assumed to be equal to the
saturation density at the critical temperature nsi(Tci). When the saturation
density nsi so obtained is lower than the baryon number density of the whole
system nB, we reset the saturation density as the baryon number density
nsi = nB. This prescription approximately represents compressions of nuclei
near the saturation densities. These treatments of the saturation density
are important in obtaining reasonable bulk energies at high temperatures
and densities (Furusawa et al., 2011, 2013). The bulk energies are evaluated
from the free energy per baryon of the uniform nuclear matter at the satu-
ration density nsi for a given temperature T and proton fraction inside the
nucleus Zi/Ai as EB

i = Ai{MB + FRMF (T, nsi, Zi/Ai)}, where the baryon
mass MB is set to be 938 MeV.

7



The Wigner-Seitz cell (W-S cell) for each species of nuclei is set to satisfy
charge neutrality with the volume, Vi. The cell also contains free nucleons
as a vapor outside the nucleus as well as electrons distributed uniformly
in the entire cell. The charge neutrality in the cell gives the cell volume
Vi = (Zi−n′

pV
N
i )/(ne−n′

p) where V
N
i is the volume of the nucleus in the cell

and can be calculated as V N
i = Ai/nsi. The vapor volume and nucleus volume

fraction in the cell are given by V B
i = Vi−V N

i and ui = V N
i /Vi, respectively.

In this EOS, we assume that each nucleus enters the nuclear pasta phase
individually when the volume fraction reaches ui = 0.3 and that the bubble
shape is realized when it exceeds 0.7. The bubbles are explicitly treated
as nuclei of spherical shell shapes with the vapor nucleons filling the inside.
This phase is important to ensure continuous transitions to uniform matter
as noted in Furusawa et al. (2011). The intermediate states (0.3 < ui < 0.7)
are smoothly interpolated from the normal and bubble states. The evaluation
of the Coulomb energy in the W-S cell is given by the integration of Coulomb
forces in the cell:

EC
i =























3

5

(

3

4π

)

−1/3

e2n2
si

(

Zi − n′

pV
N
i

Ai

)2

V N
i

5/3
D(ui) (ui ≤ 0.3),

3

5

(

3

4π

)

−1/3

e2n2
si

(

Zi − n′

pV
N
i

Ai

)2

V B
i

5/3
D(1− ui) (ui ≥ 0.7),

(5)

with D(ui) = 1− 3
2
u
1/3
i + 1

2
ui, where e is the elementary charge.

The surface energies are evaluated as

ESu
i =



















4πr2Ni σi

(

1−
n′

p + n′

n

nsi

)2(
T 2
c − T 2

T 2
c + T 2

)5/4

(ui ≤ 0.3),

4πr2Bi σi

(

1−
n′

p + n′

n

nsi

)2(
T 2
c − T 2

T 2
c + T 2

)5/4

(ui ≥ 0.7),

(6)

σi = σ0 −
A

2/3
i

4πr2Ni

[Ss(1− 2Zi/Ai)
2], (7)

where rNi = (3/4πV N
i )1/3 and rBi = (3/4πV B

i )1/3 are the radii of nucleus and
bubble and σ0 denotes the surface tension for symmetric nuclei. The surface
tension σi includes the surface symmetry energy, i.e., neutron-rich nuclei have
lower surface tensions than symmetric nuclei. The values of the constants,
σ0 = 1.15 MeV/fm3 and Ss = 45.8 MeV, are adopted from the paper by
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Lattimer and Swesty (1991). The factor in Eq. (6),
(

1− (n′

p + n′

n)/nsi

)2
, is

added by hand to take into account the effect that the surface energy should
be reduced as the density contrast decreases between the nucleus and the nu-
cleon vapor. The last factor in Eq. (6), ((T 2

c −T 2)/(T 2
c +T 2))5/4, accounts for

the temperature dependence in the surface tension and is one of the improve-
ments in the new model. This factor reproduces approximately the liquid-gas
phase transition at the critical temperature Tc = 18 MeV, where the nuclei
are dissolved to free nucleons (Ravenhall et al., 1983; Bondorf et al., 1995).
This factor is also adopted in the SMSM EOS (Botvina and Mishustin, 2004,
2010; Buyukcizmeci et al., 2014). Note that the values of σi and Tc are not
consistent with the RMF theory with the TM1 parameter set and the de-
pendence of Tc on the proton fraction in each nucleus Zi/Ai is not taken into
account for simplicity. We use cubic polynomials of ui for the interpolation
between the droplet and bubble phases. The four coefficients of the polyno-
mials are determined by the condition that the Coulomb and surface energies
are continuous and smooth as a function of ui at ui = 0.3 and ui = 0.7.

We include the shell effects separately in the mass formula of nuclei by
the use of both experimental and theoretical mass data (Audi et al., 2012;
Koura et al., 2005) to better reproduce the nuclear abundances in the low
density regime. The shell energies are obtained from the mass data by sub-
tracting our liquid drop mass formula, which does not include the shell ef-
fects, (MLDM

i = EB
i + EC

i + ESu
i ) in the vacuum limit with T, n′

p/n, ne = 0

as ESh
i0 = Mdata

i − [MLDM
i ]vacuum. Note that the shell energy in our mass

formula actually includes pair energies. We take the in-medium effect into
account phenomenologically as follows:

ESh
i (ρ, T ) =



















ESh
i0

τi
sinhτi

(ρ ≤ 1012g/cm3),

ESh
i0

(

τi
sinhτi

)(

ρ0 − ρ

ρ0 − 1012g/cm3

)

(ρ > 1012g/cm3),

(8)

where ρ0 is taken to be mu times the saturation density of symmetric nu-
clei nsi(T, Zi/Ai = 0.5) at temperature T . The factor τi/sinhτi expresses
the washout of shell effects approximately, which is derived by the ana-
lytical study for the single particle motion of nucleon outside the closed
shell (Bohr and Mottelson, 1998). The normalized factor τi is defined as

τi = 2π2T/ǫshi with the energy spacing of the shells, ǫshi = 41A
−1/3
i MeV.

Note that ESh
0 and ǫshi are not based on exact calculations of nuclear struc-
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tures but the simple assumptions and in this sense, this formulation of the
washout is an approximation. The fully self-consistent calculation with the
nuclear composition and structures of all nuclei including in-medium effects
is much beyond the scope of this study. It is noted that this approximate
formulation can reproduce qualitatively the feature of washout that the shell
effects disappear around T ∼ 2.0-3.0 MeV as shown later in Sec 3. The linear
interpolation, (ρ0 − ρB)/(ρ0 − 1012g/cm3), accounts for the decay of shell ef-
fects at high densities because of the existence of electrons, free nucleons and
other nuclei. This disappearance of shell energies is essential for our EOS
model to reproduce continuous transition to the uniform nuclear matter at
saturation densities (Furusawa et al., 2011). The choice of the critical den-
sity 1012g/cm3 is rather arbitrary, since the dependence of the shell energies
on the density of ambient matter has not been thoroughly investigated yet.
It is noted, however, that the structure of nuclei is known to be affected by
ambient matter at these densities (Aymard et al., 2014).

2.4. masses of light nuclei (Z ≤ 5)

We describe light nuclei as quasi-particles outside heavy nuclei. Their
masses are assumed to be given by the following expression:

Mj = Mdata
j +∆EPa

j +∆ESE
j +∆EC

j (j = d, t, h & α), (9)

where ∆EPa
j is the Pauli energy shift by other baryons, ∆ESE

j is the self-
energy shift of the nucleons composing the light nuclei and ∆EC

j is the
Coulomb energy shift.

For the Pauli energy shifts of d, t, h and α, we employ the empirical for-
mulae provided by Typel et al. (2010), which are quadratic functions fitted
to the result of quantum statistical calculations (Röpke, 2009). The local
proton and neutron number densities that include light nuclei are defined as

npl = n′

p + η−1
∑

j

Zjnj , (10)

nnl = n′

n + η−1
∑

j

Njnj . (11)

where η stands for the volume fraction (V − VN )/V . Then the Pauli energy
shift ∆EPa

j is given by the following expression (Typel et al., 2010):

∆EPa
j (npl, nnl, T ) = −ñj

[

1 +
ñj

2ñ0
j(T )

]

δBj(T ), (12)
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δBj(T ) =

{

aj,1/T
3/2
[

1/
√
yj −

√
πaj,3 exp

(

a2j,3yj
)

erfc
(

aj,3
√
yj
)]

for j = d,

aj,1/ (Tyj)
3/2 for j = t, h, α,

(13)

where ñj = 2(Zj npl +Nj nnl)/Aj and yj = 1+ aj,2/T . The density scale for
the dissolution of each light nucleus is given by ñ0

j(T ) = B0
j /δBj(T ) with the

binding energy in vacuum, B0
j = ZjMp +NjMn −Mdata

j .
The self-energy shifts of light nuclei are the sum of the self-energy shifts

of individual nucleons composing the light nuclei ∆ESE
n/p = Σ0

n/p(T, n
′

p, n
′

n)−
Σn/p(T, n

′

p, n
′

n) with Σ0 and Σ being the vector and scalar potentials of nu-
cleon and the contribution from their effective masses ∆Eeff.mass

j :

∆ESE
j (n′

p, n
′

n, T ) = (Aj − Zj)∆ESE
n + Zj∆ESE

p +∆Eeff.mass
j . (14)

The latter is given as ∆Eeff.mass
j = (1−m∗/m) sj withm∗ = mB−Σn/p(T, n

′

p, n
′

n).
The potentials Σ0 and Σ are calculated from the RMF employed for free nu-
cleons as noted in 2.2. More detailed explanations of the Pauli- and self- en-
ergy shifts of d, t, h and α are provided in Typel et al. (2010); Röpke (2009);
Furusawa et al. (2013). The parameters aj/1, aj/2, aj/3, and sj are given in
Table 1 in Furusawa et al. (2013).

There is little information about the in-medium effects for the light nuclei
(Zj ≤ 5) other than d, t, h and α. In the previous model, their binding
energies are evaluated with the LDM that is different from the one for heavy
nuclei. Their bulk energies are linearly interpolated between the two different
estimations at ρB = 1012 g/cm3 and at the nuclear saturation density: at
the lower end, they are evaluated from the experimental or theoretical mass
data in the vacuum limit; at the other end they are designed to agree with
the bulk energies for heavy nuclei in the same LDM. The light nuclei are
assumed to form nuclear pastas together with heavy nuclei (Z ≥ 6) near the
saturation densities. It is noted, however, that there is no justification for
this interpolation. For simplicity these light nuclei are assumed to be quasi
particles in the same way as d, t, h and α at all sub-nuclear densities and
their mass are evaluated with Eq. (9) in the new model. The Pauli-energy
shifts for them are calculated with Eq. (12) in the same way as that for
α. The self-energy shifts for them are set to be zero, on the other hand.
This reformulation has only minor influence on the nuclear composition and
thermodynamical quantities, since the light nuclei other than d, t, h and α
do not become abundant as shown later. This is because they have smaller
binding energies than α and are less populated than d, t, h and α at high
temperatures, which give higher entropies per baryon.
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The Coulomb energy shifts are calculated as

∆EC
j = EC

j (n
′

p, uj)− EC
j (0, 0), (15)

where EC
j is given as

EC
j (n

′

p, uj) =
3

5

(

3

4π

)

−1/3

e2n2
sj

(

Zj − n′

pV
N
j

Aj

)2

V N
j

5/3
D(uj). (16)

Although the expression of the Coulomb energy is identical to that for heavy
nuclei, the shifts are negligible compared with other energy shifts. We do not
take into account the nuclear pasta phases and surface- and shell-energies
both for d, t, h and α and for the rest of light nuclei.

2.5. Translational energies of nuclei

The translational energy of nucleus i in our model free energy is based
on that for the ideal Boltzmann gas and given by

F t
i/j = kBT

{

log

(

ni/j

gi/j(T )nQi/j

)

− 1

}(

1− nB

ns

)

, (17)

where kB is the Boltzmann constant and nQi/j =
(

Mi/jkBT/2π~
2
)3/2

. We
modify the internal degree of freedom gi/j(T ) for heavy nuclei in this paper
so that it should approach unity in line with the washout of the shell effects:

gi(T ) = (g0i − 1)
τi

sinhτi
+ 1. In the previous model, we just used the spin

degree of freedom of the ground state as gi(T ) = g0i at any temperature.
Note that the contribution of the excited states to free energy is included
in the temperature dependence of the bulk energy. As for light nuclei, g0j
is always adopted. The last factor on the right hand side of Eq. (17) takes
account of the excluded-volume effect: each nucleus can move in the space
that is not occupied by other nuclei and free nucleons in the same way as
in Lattimer and Swesty (1991). The factor reduces the translational energy
at high densities and is important to ensure the continuous transition to
uniform nuclear matter. We always employ the nuclear saturation density
of symmetric matter ns = [nsi(Zi/Ai, T )]Zi/Ai=0.5 in Eq. (17) for numerical
convenience.
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2.6. Thermodynamical quantities

By minimization, we obtain the free energy density together with the
abundances of all nuclei and free nucleons as a function of ρB, T and Yp.
Other physical quantities are derived by partial differentiations of the op-
timized free energy density. All the terms for the in-medium effects are
properly taken into account in this process to ensure the thermodynamical
consistency as described in Furusawa et al. (2011) in detail. The baryonic
pressure, for example, is obtained by the differentiation with respect to the
baryonic density as follows:

pB = nB [∂f/∂nB ]T,Y e − f,

= pRMF
p,n +

∑

i/j

(pthi/j + pexi/j + pmass
i/j ), (18)

pmass
i = (pshelli + pCoul

i + pSurfi ) (heavy nuclei Zi ≥ 6), (19)

pmass
j = (pPauli

j + pSEj + pCoul
j ) (light nuclei Zj ≤ 5), (20)

where pRMF
p,n is the contribution of the nucleons in the vapor; both pthi/j =

ni/jkBT (1 − nB/ns) and pexi/j = ni/jkBT (nB/ns)(log(ni/j/nQi/j) − 1) come

from the translational energy of nuclei in the free energy; pshelli , pCoul
i and

pSurfi originate from the shell, Coulomb and surface energies of heavy nuclei
in the free energy, respectively; pPauli

j , pSEj (for d, t, h and α) and pCoul
j are

derived from the Pauli-, self- and Coulomb-energy shifts of the light nuclei.
The entropy per baryon is calculated from the following expression:

s = −
[∂f/∂T ]ρB ,Y e

nB
, (21)

= ηsRMF
p,n +

∑

i/j

ni/jkB
nB

[{

5

2
− log

(

ni/j

gi/jnQi/j

)

+
∂gi(T )

∂T
/gi(T )

}

(1− nB/ns)−
∂Mi/j

∂T

]

.

In the new model, the introduction of temperature-dependence of some in-
medium effects yields the term of ∂gi(T )/∂T/gi(T ) for heavy nuclei and
contributes to the partial derivative of the masses, which are obtained as
follows:

∂Mi

∂T
= −Ais

RMF
i (T, nsi, Zi/Ai) +

∂ESu
i

∂T
+

∂ESh
i

∂T
(heavy nuclei),(22)

∂Mj

∂T
=

∂∆ESE
j

∂T
+

∂∆EPa
j

∂T
(light nuclei Zj ≤ 5), (23)
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where the entropy per baryon sRMF
i is obtained by the RMF. The contri-

bution of this term is normally negligible except near the nuclear saturation
density.

3. Result

In this paper, we construct the EOS that improves the previous one
(Furusawa et al., 2013). The changes are the additions of the temperature
dependences in the surface and shell energies of heavy nuclei and the refor-
mulation of the mass evaluation for the light nuclei other than d, t, h and α.
We compare the results of the different models listed in Table 1, focusing on
the impact of the improvements. Model 0f is the same EOS as the previous
EOS (Furusawa et al., 2013), in which the binding energies of light nuclei
Z ≤ 5 other than d, t, h and α are calculated via the LDM. In other models,
they are evaluated with the quasi-particle method as noted in Sec. 2.4. The
temperature dependence in the surface energy given in Eq. (6) with the last
factor ((T 2

c −T 2)/(T 2
c +T 2))5/4 is employed in Models 2f, 2w and 2n, whereas

the factor is dropped in Models 0f and 1f. Models 0f, 1f and 2f ignore the
washout of the shell effects, dropping the factor τi/sinhτi in Eq. (8). They
may be regarded as a surrogate for HS EOS (Hempel and Schaffner-Bielich,
2010) and the ordinary NSE EOS (Timmes and Arnett, 1999), which also
neglect the washout effect. Model 2w is the new EOS, in which we take this
effect. We also prepare Model 2n for comparison, which do not consider the
shell effects at all (ESh

i0 = 0). This model is similar to the SMSM EOS, in
which nuclei are described by the LDM description without shell effects. Note
that the density dependence in the shell effects between ρB = 1012g/cm3 and
ρ0 in Eq. (8) is included in all the model although it is effective only near
the saturation densities.

First, we will elucidate the difference between Models 0f and 1f, paying
attention to the mass fraction of light nuclei. Then we discuss the impact of
the temperature dependence of in-medium effects on the abundance of the
heavy nuclei, based on the results of Models 1f, 2f, 2w and 2n. Finally, the
thermodynamical quantities are compared for all models.

Figure 1 displays the mass fractions of proton, neutron, the light nuclei of
d, t, h and α, the rest of light nuclei (Z ≤ 5) as well as heavy nuclei (Z ≥ 6)
for Models 0f and 1f at ρB = 1012 g/cm3 and Yp =0.2 and 0.4 as a function
of temperature and those at T= 3 MeV and Yp =0.2 and 0.4 as a function of
density. It is found that the mass fraction of the light nuclei other than d,
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t, h and α decreases in Model 1f compared with Model 0f due to the Pauli
shifts. The reduction does not affect the mass fractions of free nucleons
and the other nuclei take their place. The difference is apparently small,
since these light nuclei are never dominant as already explained. The light
nuclei in the pasta phase are also replaced by the heavy-nuclei pasta around
ρ ∼ 1014 g/cm3 for T = 3 MeV and Yp = 0.2. These changes have essentially
no influence on thermodynamical quantities as shown later in Figs. 6 and 7.

Figures 2 and 3 show the mass fractions of elements as a function of the
mass number for Models 1f, 2f, 2w and 2n at ρB = 1012 g/cm3, T = 0.5, 1.0,
2.0 and 3.0 MeV and Yp = 0.2 and 0.4. We can see from the comparison of
Models 1f and 2f that the temperature dependence in the surface energies
has no influence on the nuclear abundance below T = 1 MeV. At T = 2 and
3 MeV, the population of small-mass number elements is larger in Model 2f
than in Model 1f due to the reduction of surface tension. The temperature
dependence in the shell effects affects more on the element distribution at low
temperatures than that in the surface tension. It can be seen in Model 2w
that the washout effect makes the element distributions smoother compared
to the case with no washout (Model 2f). The differences are visible even at
T = 0.5 MeV both for Yp = 0.2 and 0.4. We find that this effect reduces
the mass fractions of nuclei in the vicinity of the neutron magic numbers
N = 28, 50, 82 and 126, which correspond to the peaks at A ∼ 50, 80, 120
and 170 in the figures, respectively. It is evident that the peak at a larger
mass number is more strongly suppressed since the energy spacing, ǫshi , is
smaller for nuclei with larger mass numbers. For instance, the third peak
disappears for T = 1 MeV and Yp = 0.4. For T = 2 and 3 MeV, the shell
effects are almost gone and there is no discernible feature remaining at the
magic numbers in Model 2w as in Model 2n, in which no shell effect is taken
into account.

The average mass number of heavy nuclei (Zi ≥ 6) is displayed in Fig. 4
at ρB = 1012 g/cm3 and Yp =0.2 and 0.4 as a function of temperature and
at T= 3 MeV, Yp =0.2 and T= 1 MeV, Yp =0.4 as a function of density.
The difference between Models 1f and 2f indicates that the temperature de-
pendence in the surface tension cuts down the mass number of nuclei above
T ∼ 2 MeV, which can be confirmed also in Figs. 2 and 3. The washout of
shell effects tends to reduce the averaged mass number around T ∼ 1 MeV
for ρ = 1012 g/cm3 and Yp =0.2 and 0.4 (top panels). This is due to the re-
duction of the third peak at N = 82 as explained in the previous paragraph.
Models 2w and 2n become almost identical around T ∼ 3 MeV, which means
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the shell effects are completely extinct. At high densities for T = 3 MeV
and Yp= 0.2, we can see the average mass number in Model 2w is decreased
by the temperature effects both in the surface and shell energies. Note that
the decline of the average mass number around ρ ∼ 1014 g/cm3 for T = 3
MeV and Yp= 0.2 is due to the formation of nuclear pastas as discussed in
detail in the previous paper (Furusawa et al., 2011). It is interesting that for
T = 1 MeV and Yp=0.4, Model 2w is essentially identical to Model 2f at low
densities but gets closer to Model 2n at ρ & 1013.5 g/cm3. This is because the
shell effects of nuclei with larger mass numbers are more likely to be washed
out as already explained. It is also remarkable that the average mass number
in Model 2w does not always settle down to a value between those in Models
2f and 2n, since the shell effects are sensitive to the nuclear species and the
washout affects the average mass number nonlinearly.

The total mass fractions of the heavy nuclei are shown in Fig. 5 at
ρB = 1012 g/cm3 and Yp =0.2 and 0.4 as a function of temperature and
at T= 3 MeV, Yp =0.2 and T= 1 MeV, Yp =0.4 as a function of density.
The mass fraction in Model 2f is larger than that in Model 1f at high tem-
peratures, since the reduction of surface tension increases the binding en-
ergies (or decreases the free energies) of heavy nuclei. On the other hand,
the washout of shell effect in Model 2w cuts down their mass fraction for
ρB = 1012 g/cm3 and Yp =0.2 and 0.4 (upper panels). The densities, where
heavy nuclei emerge, are also affected by the difference in the shell effects and
are lower in the order of Models 2f, 2w, 2n as shown in the bottom panels.

Figure 6 shows the absolute values of baryonic pressure for all models at
ρB = 1012 g/cm3 and Yp =0.2 and 0.4 as a function of temperature and at
T= 3 MeV, Yp =0.2 and T= 1 MeV, Yp =0.4 as a function of density. At low
temperatures and high densities, the pressures is negative, since the Coulomb
energies of heavy nuclei decreases by the compression (Furusawa et al., 2011,
2013). We can see that the pressure is hardly affected either by the modifi-
cations for the light nuclei other than d, t, h and α or by the introductions of
the temperature dependences in the surface tension and shell effect. It is also
the case for the entropy per baryon as shown in Fig. 7. It is slightly affected,
however, by the difference in the mass fractions of nucleons and nuclei as
displayed in Figs. 1 and 5.
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4. Summary and Discussion

We have constructed the improved baryonic EOS with multi-nucleus for
the use in the simulation of core-collapse supernovae. This EOS provides the
abundance of various nuclei with various in-medium effects being taken into
consideration at high densities and/or temperatures. The major improve-
ment in the new EOS is the introduction of the washout of shell effects based
on the single particle motion of nucleons outside the closed shell, which has
been ignored in any EOS employed so far for supernova simulations. We have
also added the temperature dependence in the surface tensions and replaced
the mass formula by the liquid drop model for the light nuclei (Z ≤ 5) other
than d, t, h and α with the one based on the quasi-particle description.

The basic part of the the model is the same as that given in Furusawa et al.
(2013). The model free energy density is constructed so that it should repro-
duce the ordinary NSE results at low densities and temperatures and make
a continuous transition to the supra-nuclear density EOS obtained from the
RMF with the TM1 parameter set. The free energy density of the nucleon
vapor outside nuclei is also calculated by the same RMF. The contribution
from heavy nuclei is evaluated with the original LDM, in which their bulk
energies are obtained again via the same RMF and various in-medium ef-
fects are taken into account for the surface and Coulomb energies such as
the existence of the pasta phase near the nuclear saturation density. The
shell energies in the vacuum limit are obtained from either experimental or
theoretical data. The light nuclei d, t, h and α are handled with the quantum
approach, in which the self- and Pauli-energy shifts are taken into account.

We have compared the abundances of nuclei as well as the thermodynam-
ical quantities obtained in different models for some combinations of density,
temperature and proton fraction. In the new model, the mass fraction of
the light nuclei other than d, t, h and α is reduced a little due to the Pauli
energy shifts. The temperature dependence in the surface energies for heavy
nuclei leads solely to smaller average mass numbers and larger fractions of
them above T ∼ 2 MeV than before. This is because the reduction of surface
energies requires smaller Coulomb energies. We have found that the intro-
duction of the washout of shell effects greatly changes the compositions. The
shell effects are washed out slightly even at T ∼ 1 MeV and almost disap-
pear at T ∼ 2 − 3 MeV. These results are consistent with the findings by
Nishimura and Takano (2014). It has been also shown that the shell effects
for nuclei with larger mass numbers are more strongly washed out because
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of the smaller energy spacing among the shells. It has been found that the
modifications to the model free energy in this paper have little influence on
thermodynamical quantities such as pressure and entropy.

The model free energy in the new EOS still has room for further improve-
ment, since there are many uncertainties in our phenomenological treatment
of the in-medium effects. We may need to sophisticate the EOS for uniform
nuclear matter, on which the evaluations of the free nucleons as well as bulk
energies of heavy nuclei are based. In fact, the RMF with TM1 parameter
set is known to have the symmetry energy of J =36.9 MeV which is larger
than the canonical value 29 . J . 35 MeV (Tews et al., 2013). It is noted,
however, that the TM1 set is known to reproduce excellent properties of
the ground states of stable nuclei as well as unstable nuclei and to agree
well with experimental data in studies of nuclei with deformed configuration
and the giant resonances within the RPA formalism (Sugahara and Toki,
1994; Hirata et al., 1995; Ma et al., 1997, 2001). The employment of an-
other EOS for uniform nuclear matter (Togashi and Takano, 2013) is indeed
under progress. We would like to stress, however, that the new EOS con-
structed in this paper is more realistic than the previous one and that the
changes in the element distribution made by the washout of shell effects may
have a great impact on the weak interaction rate in the collapsing cores of
massive stars. The systematical study of such effects is also underway.
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Appendix: Table data

Our EOS tables are available on theWeb at http://user.numazu-ct.ac.jp/∼sumi/eos/.
Below we explain the detailed information. The grid points and spacing for
T , Yp and ρB are just the same as those of Shen et al. (2011), which is sum-
marized in Table 2. The results in the order of increasing Yp and ρB are
listed for each T . The temperature and its logarithm, log10(T ), in units of
MeV are written at the beginning of the each block. The quantities in one
line defined as follows:

1. Logarithm of baryon mass density: log10(ρB) [g/cm
3] (ρB = nBmu)

2. Baryon number density: nB [fm−3]
3. Proton Fraction: Yp

4. Free energy: F = f/nB −MB [MeV]
5. Internal energy per baryon: Eint = f/nB − sT −mu [MeV]
6. Entropy per baryon: s [kB]
7. Average mass number of the heavy nuclei (Z ≥ 6): < Ai >
8. Average proton number of the heavy nuclei (Z ≥ 6): < Zi >
9. Effective mass: m∗ [MeV]
10. Free neutron fraction: Xn

11. Free proton fraction: Xp

12. Fraction of the light nuclei (Z ≤ 5): Xa

13. Fraction of the heavy nuclei (Z ≥ 6): XA

14. Baryon Pressure: pB[MeV/fm−3]
15. Chemical potential of the neutron: µn = (∂f/∂ñn)ñp

−mB[MeV]
(ñn = (1− Yp)nB and ñp = YpnB)

16. Chemical potential of the proton: µp = (∂f/∂ñp)ñn
−mB[MeV]

17. Average mass number of the light nuclei (Z ≤ 5): < Aj >
18. Average proton number of the light nuclei (Z ≤ 5): < Zj >
19. Deuteron fraction: Xd

20. Triton fraction: Xt

21. Helion fraction: Xh

22. Alpha-particle fraction: Xα

23. Fraction of the light nuclei other than d, t, h and α (Z ≤ 5): Xa′

(Xa = Xa′ +Xd +Xt +Xh +Xα)
24. Average mass number of the light nuclei other than d, t, h and α

(Z ≤ 5): < Aj′ >
25. Average proton number of the light nuclei other than d, t, h and α

(Z ≤ 5): < Zj′ >
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Figure 1: Mass fractions of neutrons (dash dotted line), protons (dashed double-dotted
lines), heavy nuclei with Z ≥ 6(dashed lines), d, t, h, α (dotted lines), the rest of light nuclei
with Z ≤ 6 (solid lines) for Models 1f (magenta lines) and 0f (black lines), respectively,
at Yp = 0.2 (left top panel) and 0.4 (right top panel) and ρB = 1012 g/cm3 as a function
of temperature as well as at T = 3 MeV and Yp = 0.2 (left bottom panel) and 0.4 (right
bottom panel) as a function of density.
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Figure 2: The mass fractions of elements as a function of the mass number for Models 1f
(magenta dashed lines), 2f (blue dash dotted lines), 2w (red solid thick lines), 2n (green
solid thin lines) at T = 0.5 (left top panel), 1.0 (right top panel), 2.0 (left bottom panel)
and 3.0 (right bottom panel) MeV, ρB = 1012 g/cm3 and Yp = 0.2.
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Figure 3: The mass fractions of elements as a function of the mass number for Models 1f
(magenta dashed lines), 2f (blue dash dotted lines), 2w (red solid thick lines), 2n (green
solid thin lines) at T = 0.5 (left top panel), 1.0 (right top panel), 2.0 (left bottom panel)
and 3.0 (right bottom panel) MeV, ρB = 1012 g/cm3 and Yp = 0.4.
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Figure 4: Average mass number of heavy nuclei with Z ≥ 6 for for Models 1f (magenta
dashed lines), 2f (blue dash dotted lines), 2w (red solid thick lines), 2n (green solid thin
lines) at Yp = 0.2 (left top panel) and 0.4 (right top panel) and ρB = 1012 g/cm3 as a
function of temperature as well as at T = 3 MeV and Yp = 0.2 (left bottom panel) and
T = 1 MeV and Yp = 0.4 (right bottom panel) as a function of density.
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Figure 5: Mass fractions of heavy nuclei with Z ≥ 6 for for Models 1f (magenta dashed
lines), 2f (blue dash dotted lines), 2w (red solid thick lines), 2n (green solid thin lines) at
Yp = 0.2 (left top panel) and 0.4 (right top panel) and ρB = 1012 g/cm3 as a function of
temperature as well as at T = 3 MeV and Yp =0.2 (left bottom panel) and T = 1 MeV
and Yp =0.4 (right bottom panel) as a function of density.
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Figure 6: Absolute value of baryonic pressure for Models 0f (black dotted lines), 1f (ma-
genta dashed lines), 2f (blue dash dotted lines), 2w (red solid thick lines), 2n (green solid
thin lines) at Yp = 0.2 (left top panel) and 0.4 (right top panel) and ρB = 1012 g/cm3 as
a function of temperature as well as at T = 3 MeV and Yp = 0.2 (left bottom panel) and
T = 1 MeV and Yp = 0.4 (right bottom panel) as a function of density.
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Figure 7: Entropy per baryon for Models 0f (black dotted lines), 1f (magenta dashed
lines), 2f (blue dash dotted lines), 2w (red solid thick lines), 2n (green solid thin lines) at
Yp = 0.2 (left top panel) and 0.4 (right top panel) and ρB = 1012 g/cm3 as a function of
temperature as well as at T = 3 MeV and Yp = 0.2 (left bottom panel) and T = 1 MeV
and Yp = 0.4 (right bottom panel) as a function of density.
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model light nuclei T dependence in shell energies version
other than d, t, h, α surface energies

0f LDM no full FYSS13
1f quasi-particle no full
2f quasi-particle yes full
2w quasi-particle yes washout FYSS16
2n quasi-particle yes no

Table 1: Different models for comparisons. See the beginning of Sec. 3.

Range Grid spacing Points

T −1.0 ≤log10(T ) ≤2.6 ∆log10(T )=0.04 91
Yp 0.01≤ Yp ≤0.65 0.01 65
ρB 5.1≤log10ρB ≤ 16.0 ∆log10ρB = 0.1 110

Table 2: The EOS table of Model 2w (the same format as that of Shen et al. (2011)).
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Tews, I., Krüger, T., Hebeler, K., Schwenk, A., Jan 2013. Neutron matter at
next-to-next-to-next-to-leading order in chiral effective field theory. Phys.
Rev. Lett. 110, 032504.
URL http://link.aps.org/doi/10.1103/PhysRevLett.110.032504

Timmes, F. X., Arnett, D., Nov. 1999. The Accuracy, Consistency, and
Speed of Five Equations of State for Stellar Hydrodynamics. Astro-
phys.J.Suppl125, 277–294.

Togashi, H., Takano, M., Mar. 2013. Variational study for the equation of
state of asymmetric nuclear matter at finite temperatures. Nuclear Physics
A 902, 53–73.
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