
Manual for the supernova EOS tables � v1.0Matthias Hempel∗Department of Physis,University of Basel,Klingelbergstr. 82,4056 Basel,Switzerland(Dated: May 20, 2011)I. MODELThis is the manual for the supernova equation of state (EOS) tables alulated with the statistial model withexluded volume and interations, as presented in Ref. [1℄. In this manual we fous on the di�erent nulear interationsand nulear mass tables used for the alulation of the EOS tables and the tables themselves. We do not repeat theentire desription of the EOS model, but only list the hanges ompared to the published desription of the model.List of hanges
• Exited states: Exited states are now only onsidered up to the binding energy BE of the orrespondingnuleus:
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) (1)where we use Emax = BE, to represent that the exited states still have to be bound. The inlusion of exitedstates up to in�nite energies has only a minor in�uene on the omposition but leads to an unphysially largeontribution of exited states to the energy density and entropy.
• Neutron-drip nulei: We determine the neutron drip line and eliminate all nulei of the mass tables behindit. This onerns the experimental nulei from Ref. [2℄ and from the theoretial nulear mass tables as well (themass tables are desribed in Se. IV). We did this beause nulear struture alulations for these nulei arenot very reliable. Furthermore, this gives a onsistent riterion whih nulei are onsidered for the alulationof the EOS.
• De�nition of eletron and proton hemial potentials: In Ref. [1℄ the eletron hemial potential on-tained a ontribution from the Coulomb interations, given by: pCoul

ne
. Now we inlude this Coulomb part ofthe hemial potential in the proton hemial potential, so that the stored eletron hemial potential is justthe normal hemial potential of the Fermi-Dira distribution funtion. The same de�nition was used in theEOS tables of Refs. [3℄ and [4, 5℄. Note that both de�nitions are physially meaningful. However, the presentde�nition has the advantage, that the EOS is also thermodynami onsistent, if the eletron ontribution is notinluded in the table. This was not the ase in the previous de�nition.

• Nuleon masses: We always use the experimental values of the nuleon masses, also within the relativistimean-�eld (RMF) part of the alulation. This avoids any spurious jumps when going from the ideal gas regimeto large densities where the RMF interations beome important. However, this represents a slight hange ofthe atual RMF parameterization. We heked that the small hange of the nuleon masses to their real valuesis negligible for the nulear matter properties.
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2Quantity Symbol Value Unit�ne struture onstant α 7.2973525376×10−3 �speed of light c 29979245800 m/sredued Plank`s onstant times c h̄c 197.3269631 MeV fmeletron mass me 0.51099891 MeV/2neutron mass mn 939.565346 MeV/2proton mass mp 938.272013 MeV/2TABLE I: Values of physial onstants used in the alulation.
n0

B [fm−3] BE/A [MeV℄ K [MeV℄ K′ [MeVfm3 ℄ J [MeV℄ L [MeVfm3 ℄ m∗/mRMF Mmax [M⊙℄TM1 0.146 -16.31 282 -286 36.95 110.99 0.634 2.21TMA 0.147 -16.03 318 -572 30.66 90.14 0.635 2.02FSUgold 0.148 -16.27 230 -524 32.56 60.44 0.611 1.74NL3 0.148 -16.24 271 203 37.39 118.50 0.595 2.79TABLE II: Nulear matter and neutron star properties of the relativisti mean �eld models TM1 [6℄, TMA [7℄, FSUgold[8, 10℄ and NL3 [9℄. Listed are the saturation density n0

B , binding energy BE/A, inompressibility K, skewness oe�ient K′,symmetry energy J , symmetry energy slope oe�ient L, the e�etive mass m∗ divided by the RMF mass mRMF at saturationdensity, and the maximum mass Mmax of a old neutron star.II. PHYSICAL CONSTANTSFor all physial onstants we use the 2006 CODATA values (www.odata.org), whih are listed in Table I. In thisdoument, we use natural units h̄ = c = kB = 1.III. NUCLEAR INTERACTIONSFor the relativisti mean-�eld (RMF) interations of the nuleons we use the parameter sets TM1 [6℄, TMA [7℄,FSUgold [8℄ and NL3 [9℄. For the parameter set NL3 [9℄ binding energies and harge radii of 10 nulei and neutronradii were inluded in the �t proedure. In this parameterization only ubi and quarti salar self interations areonsidered in addition to the normal ouplings to the nuleons.TM1 was developed together with TM2, whih were �tted to binding energies and harge radii of light (TM2) andheavy nulei (TM1). TMA is based on an interpolation of these two parameter sets. The oupling parameters gi ofthe set TMA are hosen to be mass-number dependent of the form gi = ai + bi/A
0.4, with ai and bi being onstants,to have a good desription of nulei over the entire range of mass number. For uniform nulear matter the ouplingsbeome onstants and are given by ai. TMA was also used in Ref. [1℄, where our EOS model was desribed in detail.The Lagrangians of TM1 and TMA have the same form, only the oupling parameters and meson masses are di�erent.Compared to the NL3, vetor self interations are inluded, whih modify the high density behavior of the EOS.In FSUgold in addition the oupling between the omega- and the rho-meson is inluded. This leads to a di�erentbehavior of the density dependene of the symmetry energy, see e.g. [10℄. Table II lists some harateristi saturationproperties of uniform nulear matter, and the resulting maximum mass of a old neutron star of the four di�erentparameterizations. The nulear matter properties in Table II are alulated for T = 0, and like the EOS tables withthe real nuleon masses mn and mp. The maximum masses where alulated diretly with the EOS tables, for thelowest available temperature of T = 0.1 MeV. IV. MASS TABLESAll EOS tables take into aount the experimental data on nulear masses from Audi, Wapstra, and Thibault [2℄.For the masses of the experimentally unknown nulei we take di�erent theoretial nulear struture alulations inform of nulear mass tables. The TMA interations are ombined with the mass table of Geng et al. [11℄ whih isalso alulated with the relativisti mean �eld model TMA. Thus all nulear interations are onsistent. The mass



3table lists 6969 even-even, even-odd and odd-odd nulei, extending from 16O to 331100 from slightly above the protonto slightly below the neutron drip line. The nulear binding energies are alulated under onsideration of axialdeformations and the pairing is inluded with a BCS-type δ-fore. For the parametrization TM1 we do not have asuitable mass table at hand, thus we annot avoid the minor �inonsisteny� to use the table of Geng et al. [11℄, whihis based on the TMA parameterization. For FSUgold we take a mass table whih was alulated by X. Roa-Maza,see e.g. [12℄. This table ontains 1512 even-even nulei, from the proton to the neutron drip, with 14 ≤ A ≤ 348 and
8 ≤ Z ≤ 100. No deformations are inluded and the pairing is introdued through a BCS approah with onstantmatrix elements (GA). The onstant matrix element for neutrons has been �tted to reprodue the experimentalbinding in the tin isotopi hain and the onstant matrix element for protons to the experimental binding in the
N = 82 isotoni hain. The mass table for NL3 from Lalazissis and Raman [13℄ lists 1315 even-even nulei with
10 ≤ Z ≤ 98 using the BCS pairing sheme with onstant pairing gap and taking into aount axial deformations.V. MESH OF THE EOS TABLESNote that two di�erent formats of the EOS tables are provided, �rst in an extended format and seond in the Shen98 format, i.e. in a format similar to the EOS tables of Ref. [4℄. The di�erent formats are explained in detail below.The EOS tables over the following range:

• temperature T : 0.1 MeV ≤ T <
∼ 158.5 MeV; exponential mesh of log10(∆T ) = 0.04, giving 81 T -values.The temperature an be alulated from the temperature index i = 1, ..., 81 by:

T = 0.1 · 100.04(i−1) MeV . (2)
• eletron fration Ye:Extended format: 0 ≤ Ye ≤ 0.6; linear mesh of ∆Ye = 0.01, giving 61 Ye-values.Shen 98 format: 0.01 ≤ Ye ≤ 0.6; linear mesh of ∆Ye = 0.01, giving 60 Ye-values (Ye = 0 is not inluded inthe table).The nominal eletron fration an be alulated from the eletron fration index j = 0, ..., 60, respetively
j = 1, ..., 60, by:

Ye = j · 0.01 . (3)It is equal to the total proton fration Yp, due to harge neutrality.
• baryon number density nB: 10−12 fm−3 ≤ nB ≤ 10 fm−3; exponential mesh of log10(∆nB) = 0.04, giving 326
nB-values.The nominal baryon number density an be alulated from the baryon number density index k = 1, ..., 326 by:

nB = 10−12 · 100.04(k−1) fm−3 . (4)The di�erent T , nB and Ye values sum up to 1610766 EOS grid points for the extended format and 1584360 EOS gridpoints for the Shen 98 format.VI. DESCRIPTION OF THE TABLES - EXTENDED FORMATA. Entries of the tablesThe tables in the extended format ontain the ontribution of photons, eletrons and positrons. In the following,all thermodynami variables whih are not further spei�ed orrespond to the de�nitions as given in Ref. [1℄. Foreah density grid point the following 18 di�erent thermodynami quantities are listed and denoted by the EOS entryindex l = 1, ..., 18:1. baryon number density: nB [fm−3℄
nB is given by nB = nn + np +

∑

A,Z AnA,Z , whereas here and in the following always A ≥ 2 in the sum, and
nA,Z is the number density of nuleus (A,Z).



42. total proton fration: YpThe total proton fration is de�ned by:
Yp =

np +
∑

A,Z ZnA,Z

nn + np +
∑

A,Z AnA,Z
, (5)whih is equal to the eletron fration Ye due to eletri harge neutrality.3. total energy per baryon: Etot [MeV℄

Etot is the total energy per baryon inluding rest masses:
Etot =

ǫtot

nB
(6)

ǫtot = ξǫ0nuc(T, n
′
n, n

′
p) +

∑

A,Z

ǫ0A,Z(T, nA,Z) + fCoul(ne, {nA,Z}) + ǫ0e + ǫγ , (7)whereas n′
n and n′

p are the loal number densities of neutrons, respetively protons, whih are related to thetotal neutron and proton number densities by the �lling fator ξ = 1−
∑

A,Z A nA,Z/n
0
B:

nn = ξn′
n (8)

np = ξn′
p . (9)4. total pressure: ptot [MeV/fm3℄The total pressure is given by:

ptot = p0nuc(T, n
′
n, n

′
p) +

1

κ

∑

A,Z

p0A,Z(T, nA,Z)

+pCoul(ne, {nA,Z}) + p0e + pγ , (10)whereas κ = 1− nB/n
0
B is the free volume fration.5. total entropy per baryon: Stot [kB℄The total entropy per baryon is related to the baryoni entropy density via

Stot =
stot

nB
(11)

stot =
∑

A,Z

s0A,Z(T, nA,Z) + ξs0nuc(T, n
′
n, n

′
p) +

∑

A,Z

nA,Z ln(κ) + s0e + sγ . (12)6. neutron hemial potential relative to the neutron mass: µnonrel
n [MeV℄The neutron hemial potential is given in its non-relativisti equivalent form, i.e. without the neutron mass

mn:
µnonrel
n = µn −mn (13)

= µ0
n(T, n

′
n, n

′
p) +

1

n0
Bκ

∑

A,Z

p0A,Z(T, nA,Z)−mn . (14)7. proton hemial potential relative to the proton mass: µnonrel
p [MeV℄The proton hemial potential is given in its non-relativisti equivalent form, i.e. without the proton mass mp:

µnonrel
p = µp −mp (15)

= µ0
p(T, n

′
n, n

′
p) +

1

n0
Bκ

∑

A,Z

p0A,Z(T, nA,Z) +
pCoul

ne
−mp , (16)Note that the above expression for µp di�ers from the original de�nition in Ref. [1℄. The Coulomb part of thehemial potential is now inluded here in the proton hemial potential instead of in the eletron hemialpotential, see also Se. I.



58. eletron hemial potential relative to the eletron mass: µnonrel
e [MeV℄The eletron hemial potential is given in its non-relativisti equivalent form, i.e. without the eletron mass

me:
µnonrel
e = µe −me (17)

= µ0
e −me . (18)Compared to the original de�nition of the eletron hemial potential in Ref. [1℄, the Coulomb part of thehemial potential is now inluded in the proton hemial potential, see also Se. I. Thus µnonrel

e is now justthe kineti part of the hemial potential.9. total free energy per baryon: F tot [MeV℄The total free energy per baryon inluding rest masses is given by:
F tot =

f tot

nB
(19)

f tot =
∑

A,Z

f0
A,Z(T, nA,Z) + fCoul(ne, {nA,Z})

+ξf0
nuc(T, n

′
n, n

′
p)− T

∑

A,Z

nA,Z ln(κ) + f0
e + fγ . (20)10. mass fration of unbound neutrons: XnThe mass fration of unbound neutrons is given by:

Xn = nn/nB . (21)11. mass fration of unbound protons: XpThe mass fration of unbound protons is given by:
Xp = np/nB . (22)12. mass fration of deuterons: XdThe mass fration of deuterons (A = 2, Z = 1) is given by:

Xd = 2n2,1/nB . (23)13. mass fration of tritons: XtThe mass fration of tritons (A = 3, Z = 1) is given by:
Xt = 3n3,1/nB . (24)14. mass fration of helions: XhThe mass fration of helions (A = 3, Z = 2) is given by:
Xh = 3n3,2/nB . (25)15. mass fration of alphas: XαThe mass fration of alphas (A = 4, Z = 2) is given by:
Xα = 4n4,2/nB . (26)16. mass fration of heavy nulei: XAThe mass fration of heavy nulei is de�ned by:

XA =
∑

A,Z

′AnA,Z/nB , (27)whereas the prime on the sum denotes all nulei exept neutrons, protons, deuterons, tritons, helions, alphas.



617. averaged mass number of heavy nulei: < A >The mass number of the averaged heavy nuleus is de�ned by:
< A >=

∑

A,Z
′AnA,Z

∑

A,Z
′nA,Z

. (28)18. averaged harge number of heavy nulei: < Z >The harge number of the averaged heavy nuleus is de�ned in the analog way:
< Z >=

∑

A,Z
′ZnA,Z

∑

A,Z
′nA,Z

. (29)B. Storage of the dataThe EOS tables in the extended format are stored as binary �les, whih were reated with the Intel fortran omilerifort on a 64 bit mahine. We plan to provide binary tables in the HDF5 standard in the future. The data is writtenas a single line from the array eos(1:t_entries,0:y_entries,1:nb_entries,1:entries) with t_entries = 81,y_entries = 60, nb_entries = 326, and entries = 18. A fortran module for the EOS is provided whih ontainsa simple Fortran routine whih reads in the table. Note that in this routine also the temperature is alulated fromEq. (2) and then stored as a separate array. We also provide a small example program whih illustrates the usage ofthe module and the EOS table.VII. DESCRIPTION OF THE TABLES - SHEN 98 FORMATA. Entries of the tablesThe information is stored in a format whih is very similar to the table of Shen et al. [4, 5℄ so that it an easilybe implemented in running odes. In these tables only the baryoni ontribution is given, i.e. photons, eletrons,positrons and neutrinos have to be added separately. In the following, all thermodynami variables whih are notfurther spei�ed are de�ned analogous to Subse. VIA, but without the eletron/positron and photon ontribution.For eah density grid point the following 19 di�erent thermodynami quantities are listed:1. logarithm of baryon mass density: log10(ρB) [g/m3℄The baryon mass density is de�ned as the baryon number density times the value of the atomi mass unit
mu = 931.49432 MeV used in Ref. [4, 5℄:

ρB = nBmu . (30)2. baryon number density: nB [fm−3℄3. logarithm of total proton fration: log10(Yp)4. total proton fration: Yp5. baryoni part of the free energy per baryon relative to 938 MeV: ∆FB [MeV℄Like in the table of Shen et al. 938 MeV are subtrated from the baryoni part of the relativisti free energyper baryon:
∆FB =

fB
nB

− 938 MeV . (31)6. baryoni part of the energy per baryon relative to mu: ∆EB [MeV℄
∆EB is the baryoni part of the relativisti energy per baryon relative to the atomi mass unit mu:

∆EB =
ǫB
nB

−mu . (32)



77. baryoni part of the entropy per baryon SB: [kB℄The baryoni part of the entropy per baryon is related to the baryoni entropy density via
SB =

sB
nB

. (33)8. average mass number of heavy nulei: < A >Z6The average mass number of heavy nulei is de�ned by
< A >Z6=

∑

A,Z≥6 AnA,Z
∑

A,Z≥6 nA,Z
, (34)where we introdued the distintion between light and heavy nulei for the Shen 98 format by the protonnumber 6, i.e. arbon.9. average harge number of heavy nulei: < Z >Z6The average harge number of heavy nulei is de�ned in the analog way

< Z >Z6=

∑

A,Z≥6 ZnA,Z
∑

A,Z≥6 nA,Z
. (35)10. e�etive mass: m∗ [MeV℄In the RMF alulation the real nuleon masses mn and mp are used, see Se. I. As they are not equal, alsothe nuleon e�etive masses m∗

n = mn + gσσ and m∗
p = mp + gσσ are not equal. Instead of storing these twovalues, we store the follwoing e�etive mass m∗:

m∗ = mRMF + gσσ , (36)with the nuleon mass of the RMF parameterization mRMF . We want to emphasize again that mRMF is notused in the alulation of the EOS, but it is only taken here as a referene value.11. mass fration of unbound neutrons: Xn12. mass fration of unbound protons: Xp13. mass fration of light nulei: XaZ6The mass fration of light nulei is de�ned by
XaZ6

=
∑

A,Z≤5

AnA,Z/nB . (37)14. mass fration of heavy nulei: XAZ6The mass fration of heavy nulei is de�ned by
XAZ6

=
∑

A,Z≥6

AnA,Z/nB . (38)15. baryoni part of the pressure: pB [MeV/fm3℄16. neutron hemial potential relative to the neutron mass: µnonrel
n [MeV℄17. proton hemial potential relative to the proton mass: µnonrel

p [MeV℄Note the omments and further de�nitions from Subse. VIA.18. average mass number of light nulei: < a >Z6The average mass number of light nulei is de�ned by
< a >Z6=

∑

A,Z≤5 AnA,Z
∑

A,Z≤5 nA,Z
. (39)19. average harge number of light nulei: < z >Z6The average harge number of light nulei is de�ned in the analog way

< z >Z6=

∑

A,Z≤5 ZnA,Z
∑

A,Z≤5 nA,Z
. (40)



8B. Storage of the dataThe EOS tables in the Shen 98 format are stored as ASCII �les. We store the three-dimensional tables in thefollowing way: �rst we �x T whih is noted at the top of the blok, seond we �x Yp and third nB. The bloks withdi�erent T are divided by the line '...'. A fortran module for the EOS is provided whih ontains a simple Fortranroutine whih reads in the table in the EOS array eos(1:t_entries,1:y_entries,1:nb_entries,1:entries) witht_entries = 81, y_entries = 60, nb_entries = 326, and entries = 19. Note that in this routine by default thetemperature is read in from the table (and not alulated from Eq. (2) like in the extended format) and then storedas a separate array. We also provide a small example program whih illustrates the usage of the module and the EOStable. VIII. NUCLEAR COMPOSITIONIn addition to the information about the nulear omposition in the EOS tables as spei�ed in Subses. VIA andVIIA we provide a Fortran module whih allows to alulate the number densities and mass frations of all availablenulei. This module reads in a separate binary �le whih ontains all the required data for the alulation. The binary�le was reated with the Intel fortran omiler ifort on a 64 bit mahine. We plan to provide binary tables in theHDF5 standard in the future. Beause most of the input data is not meaningful by itself, we do not list the entriesof the data table here. The omposition module ontains a lot of omments and in addition an example program isprovided whih should explain the usage of the module and the implemented routines.The main subroutine of the module is sub_dist, whih alulates the nulear distributions, the nulear and nuleondensities and their mass frations for given temperature index i, eletron fration index j, and baryon number densityindex k (see Se. V). The mesh and its grid-points of the module orrespond to the extended format of the EOStables, i.e. the eletron fration Yp = 0, respetively the eletron fration index j = 0, is inluded. The output of themodule is:
• number density of unbound neutrons: nn [fm−3℄
• number density of unbound protons: np [fm−3℄
• array with the number densities of all nulei: {nA,Z} [fm−3℄
• mass fration of unbound neutrons: Xn

• mass fration of unbound protons: Xp

• array with the mass frations of all nulei: {XA,Z}The mass fration of nuleus (A,Z) is de�ned as
XA,Z =

AnA,Z

nB
. (41)IX. ACCURACY AND CONSISTENCY OF THE EOS TABLESAs the temperature is an input for the alulation of the tables, the values of T are exatly given by Eq. (2).Contrary, nB and Yp are determined by root-�ndings. The alulated and stored values for nB and the total protondensity nBYp (entries 1. and 2. of the EOS tables in the extended format) are allowed to have a maximum relativedeviation from the preise grid-points given by Eqs. (3) and (4) of 10−8. In some appliations, e.g. for interpolation,it is better to have a stritly regularized grid. Therefore in the EOS modules the nominal baryon number density andthe nominal eletron fration are alulated from Eq. (4), respetively Eq. (3), and then stored as separate arrays.The modulus of the relative thermodynami inonsisteny

∆ =
Tstot − ptot + YpnB(µe + µp) + (1− Yp)nBµn

ǫtot
− 1 (42)is everywhere below 10−10 for the binary tables in the extended format. For the ASCII tables in the Shen 98 formatthe inonsisteny an be muh larger beause of round-o� errors.



9It is also heked that the mass frations of the di�erent partile speies sum up to unity:
∆X = 1−Xn +Xp +Xd +Xt +Xh +Xα +XA . (43)In the binary table |∆X | is always below 10−11. For the Shen 98 format,

∆X = 1−Xn +Xp +XaZ6
+XAZ6

, (44)the inonsisteny an again be larger, due to round-o� errors.The omposition module also allows to alulate diretly the baryon number density (entry 1. of the EOS tablesin the extended format). The relative deviation between the baryon number density alulated with the ompositionmodule and the stored value in the EOS table is everywhere below 10−10.X. ADDITIONAL COMMENTS
• Please note that we assume that nulear matter is uniform above temperatures larger or equal to 20 MeV, i.e.onsists only of neutrons and protons.
• For the hemial potentials we hoose the true nuleon masses as the referene values, i.e., we are storing thenon-relativisti equivalent form of the hemial potentials. If one uses the relativisti hemial potentials de�nedas e.g. µn = µnonrel

n +mn the di�erene µn − µp obviously inludes the neutron to proton rest mass di�erene
Q = mn −mp. However, if the non-relativisti hemial potentials are used in reations, Q has to be added byhand, like in every non-relativisti formulation.

• Please remember that the EOS model ontains a Maxwell transition from NSE to uniform nuleon matter. Aswe do not think that it is important information, we do not desribe the details of the alulation of the EOSentries in the Maxwell transition region. However, we want to remark that the eletron ontribution to the EOSin the transition region is not given by a single ideal Fermi-Dira gas. Thus the subtration of the eletrons fromthe EOS is not straightforward. In the Shen 98 format this has been done already, but I do not reommend totry to do the same for the extended format without the knowledge about the details of the alulation. Pleaseontat me if you need di�erent formats of the tables.
• We wish you a lot of fun with the tables and highly appreiate any omments or feedbak.
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